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What is the homalg project?

The homalg project is a multi-author open source1

software project for constructive homological algebra.
Mainly written in GAP4 it allows the use of external
programs and other computer algebra systems (CASs)
for specific time critical tasks. Although the central part
of the source code is the formalization of abstract no-
tions like ABELian categories, our focus lies on concrete
applications ranging from linear control theory to com-
mutative algebra and algebraic geometry.

The stable packages of the project are distributed
with GAP [GAP12] and the newer packages can be
downloaded from the project homepage [hpa12].

Current applications

The first goal of the project was the construc-
tion of spectral sequences of filtered complexes (e.g.
GROTHENDIECK spectral sequences) and the filtration
they induce on total (co)homologies. Of cource, such a
construction consists of many subalgorithms.

The core package homalg contains algorithms for
(co)homology, connecting homomorphisms, long exact
(co)homology sequences, filtrations, spectral sequences,
etc., which are implemented abstractly, independent of
the specific ABELian category. Other algorithms like
derived functors (Ext,Tor, . . .), CARTAN-EILENBERG
resolutions, hyper derived functors, YONEDA products,
etc., are implemented for categories having enough pro-
jectives or injectives. Extension packages implement
the ABELian categories of finitely presented (f.p.) mod-
ules (e.g. D-modules), of f.p. multigraded modules,
and (in a yet preliminary form) of coherent sheaves on
toric varieties. These packages provide further algo-
rithms to compute context specific properties and in-
variants like deciding torsion-freeness, reflexivity, lo-
cally freeness, freeness (QUILLEN-SUSLIN), purity, the
computation of projective dimension, degree, purity

filtration, etc. We use these properties in applica-
tions to algebraic system theory, an ongoing work with
QUADRAT and CLUZEAU. Building on this infrastruc-
ture the project supports applications to algebraic geom-
etry. This includes a constructive version of the BGG-
correspondence, TATE resolutions of coherent sheaves
on projective schemes, their characteristic classes and
cohomology, higher direct images under morphisms to
affine spaces, divisors, etc. Recently, GUTSCHE con-
tributed a package for toric varieties.

Ideas behind the homalg project

The meta idea

Mathematical software should comply to mathematical
ideas, regardless of how abstract they are.

An example

We exemplify this statement by the following piece of
code taken from the homalg project

RightDerivedCofunctor(
Functor_Hom_for_fp_modules, "Ext" );

Before we could write such a code we taught the
following notions to the computer. For the second
line we need the notion of the category of finitely pre-
sented modules over a computable commutative ring
with its (internal) Hom-functor. The first line needs the
more abstract notions ABELian categories with enough
projectives, additive functors, and their right derived
functors (regardless of the specific ABELian category).
These two lines of code install several methods to com-
pute Ext as a functor applicable to f.p. modules, their
maps, and even complexes (of complexes) thereof.

The basic mathematical idea

The basic notion is that of a computable ABELian cat-

egory, i.e., an ABELian category for which all disjunc-
tions and existential quantifiers appearing in the axioms
of an ABELian category are algorithmic. Given that, all

1All current packages are licensed under GPL-2.
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constructions which only depend on the category be-
ing ABELian become computable. See [Bar09] for a
construction of spectral sequences of filtered complexes
based on the notion of generalized morphisms. This re-
places diagram chasing of elements, as objects of gen-
eral ABELian categories are not a priori sets2.

Basic examples of computable ABELian categories
are categories of finitely presented modules over a ring
R equipped with an algorithm to solve linear systems
B = XA with coefficients in R. Examples for such
rings are fields (GAUSSian algorithm), EUCLIDean rings
(HNF), and commutative and noncommutative rings ad-
mitting a GRÖBNER basis algorithm [BLH11, BR08].

The challenge

This means that these abstract homological algorithms
gradually specialize to matrix and GRÖBNER basis al-
gorithms. But would it then not be more efficient to
directly hardcode such matrix algorithms? This ques-
tion is in fact a particular instance of what ABBOTT and
BIGATTI described in [AB12, p. 11] as

the challenge of reconciling the tradition-
ally conflicting goals of (mathematical) ab-
straction and efficiency.

Knowledge based computation

We address this challenge by what we call “knowledge
based computation”, which we will now explain.

Our goal is to write an extremely simple and math-
ematically readable code which gets optimized during

runtime. This is contrary to the conventional paradigm
that an efficient program is a result of an optimized
code3 or an optimization during compile time.

Special input often causes special unforeseeable set-
ups to occur during runtime. By runtime optimization
we mean the use of mathematical knowledge applicable
in special setups to shortcut further unnecessary compu-
tations. For this to work we did two things. First, we
organized mathematical objects according to the math-
ematical hierarchy and realized them as learning ob-

jects which can accumulate knowledge during their life-
time. Second, we started teaching the system mathemat-
ical knowledge (lemmas, propositions, theorems) at all
levels of the mathematical hierarchy4 in form of logical

methods. Each such method is installed globally allow-
ing it to influence many different algorithms.

During runtime algorithms generate knowledge for
the involved objects. And as soon as such knowledge is
created even more knowledge is immediately deduced
by the logical methods known to the system. Further-
more, mathematically related objects are connected as
they are created inside the system; this allows the in-
stantaneous propagation of knowledge between related
objects, even if they lie in different abstraction layers.

external systems (SINGULAR, GAP, polymake,
Sage, MAPLE, MAGMA, MACAULAY2) host rings,
matrices, matrix operations, Gröbner bases, fans, ...
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Figure 1: The homalg project
To maximize the benefit of mathematical knowledge

we extensively make use of lazy evaluation5. This tech-
nology often avoids unnecessary not yet triggered com-
putations, as it allows objects to await knowledge. There
we make use of the fact that, contrary to the most general
case, many computations (e.g., of GRÖBNER bases) be-
come obsolete in particular cases, very often only iden-
tifiable during runtime.

We explain this by an example. For R =
k[x1, . . . , xn] with a computable field k there are algo-

2Note that embedding theorems into module categories are in general not constructive.
3Quoting DONALD KNUTH: “... premature optimization is the root of all evil.”
4ring/module elements, rings, matrices, (graded) modules, coherent sheaves, morphisms, complexes, spectral sequences, functors, ... .
5The converse is eager evaluation, a common practice in computer algebra.
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rithms composed of expensive subalgorithms to com-
pute ExtiR(M,N) for finitely generated R-modules
M,N . However, the system can combine knowledge to
deduce that certain compositions of algorithms become
unnecessary. For example, the following three theorems
predict Extik[x,y](Homk[x,y](M,k[x, y]), N) for i > 0.

(1) The global dimension of k[x1, . . . , xn] is n.

(2) If R is of global dimension 2 then HomR(M,R) is
projective.

(3) A module H is projective iff ExtiR(H,N) = 0 for
all R-modules N and i > 0.

Hence, for i > 0

Extik[x,y](

projective by (2)︷ ︸︸ ︷
Homk[x, y]︸ ︷︷ ︸

gl.dim=2 by (1)

(M,k[x, y]), N) = 0︸︷︷︸
by (3)

.

A logical deduction system has of course its compu-
tational cost, but it is negligible when it often succeeds
in avoiding GRÖBNER basis computations which are, at
least in the worst case, far more expensive. Furthermore,
the cost of logical deduction grows much slower than the
cost of GRÖBNER bases as a function on the input size.

We sum up this subsection by our slogan:

Do not teach the computer the matrix al-
gorithm. But teach it enough mathemati-
cal knowledge and let it figure out the most
efficient matrix algorithm you know by it-
self. And eventually, the system will sur-
prise you.

Intrinsic modeling

Another key idea of the project is to realize higher math-
ematical objects in a “coordinate free” way. For exam-
ple, a module does not store only one set of generators
but all generating sets which got created during its life-
time, together with enough information to create their
transition matrices, once needed. If the internal pre-
sentation of an object is switched6 all internal presen-
tations of related objects7 are automatically (but lazily)
readapted. This is a constructive way of encoding math-
ematical objects intrinsically. It is not only extremely
useful in certain applications but also necessary for the
development of complex dynamical algorithms.

Why GAP4?

For the following two reasons we chose GAP4 as the
high level language [BL98] for the homalg project.

GAP4 supports a remarkable object oriented pro-
gramming paradigm which we like to describe as a
mathematical object orientedness. Contrary to stan-
dard object oriented languages (like C++ or python)
methods are not installed in the objects but are attached

to so-called operations. The idea is that objects in
GAP4 specialize their type during their lifetime. This
allows the method selector to apply special algorithms
which are faster than more generic ones.

The second decisive feature of the GAP4 language
are the so-called immediate methods. We like describ-
ing them as a second level of execution in which the
normal, usually expensive methods are halted and these
presumably “zero-cost” methods are triggered. These
are exactly the methods we use to infer and propagate
knowledge until no further knowledge is deducible.

For example, to encode that projective modules over
local domains are free we currently add the entry

[ [ IsProjective ],
HomalgRing,
[ [ IsLocal, IsIntegralDomain ] ],
"imply", IsFree ]

to the list LogicalImplicationsForModules.
The presence of both features, which is crucial to the

homalg project, are unique to the GAP4-language. The
lack of similar functionality forced us to abandon a pre-
vious version of homalg in MAPLE. It also prevented us
from choosing Sage, even though interfaces to external
systems would have been available.

Software design = mathematical hierarchy

The software design of the project complies to the math-
ematical hierarchy. The basic notion of a computable
ABELian category is implemented abstractly in the core
package homalg. An implementation of a concrete
ABELian category consists of two parts. The first part
provides all algorithms necessary for its computability
as an ABELian category. The second part implements
special algorithms and logical methods only applica-
ble to this specific category. Different concrete cate-
gories are implemented in different packages (Modules,
GradedModules, Sheaves, . . . ). They all share the ab-
stract algorithms implemented in homalg. In this sense,
mathematical definitions dictate the interface between
data structures in our implementation. Using these in-
terfaces, the categories of coherent sheaves are modeled
as SERRE quotient categories of the categories of graded
modules, which are modeled on the categories of mod-
ules, and these are finally modeled on the categories of
presentation matrices [BLH11].

For encoding these high level mathematical struc-
tures we mainly need bookkeeping objects for knowl-
edge storage. Hence we do not rely on GAP4 for time
critical issues, except for the external communication
and for the propagation of knowledge, two processes
which are highly optimized in GAP4.

We succeeded in separating the technical part of the
project from the mathematical content. The packages
and their dependencies reflect the mathematical hierar-
chy (cf. Figure 1). The modular design of the project
has the convenient side effect of making the big amount
of code easily extendable and maintainable.

6typically to a more economic one, speeding up subsequent computations.
7here, e.g., module maps, with the affected module being their source or target.
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Delegation and multiple computer algebra systems

Another advantage of the modular design of the project
is the ability to outsource rings, matrices with all their
operations (sums, products, solving linear systems, . . . )
to external dedicated CASs like SINGULAR [DGPS12],
MACAULAY2 [GS], MAGMA [BCP97], or MAPLE
[Wat00]. The combinatorial computations for toric va-
rieties are outsourced to polymake [GJ00].

For performance reasons it is important to mini-
mize the communication between GAP and these exter-
nal systems. Therefore, computed matrices are not sent
back to GAP (except for user output). Instead, GAP
refers to external data through pointers, and only in-
tegers (e.g., sizes of matrices) or boolean values (e.g.,
whether a matrix is zero or not) are sent back to GAP.
This minimal information is sufficient for GAP to steer
the algorithms and is enough for the logic to work.

A further abstraction layer in the project allows dif-
ferent ways of physical connections to external sys-
tems. Currently the standard way is to use IO-streams
supported by NEUNHÖFFER’s IO-package. Recently
more robust C-level interfaces were written by our col-
leagues BÄCHLER, GUTSCHE, HORN, LÜBECK, NE-
UNHÖFFER, and SCHÖNEMANN to connect to MAPLE,
polymake, and SINGULAR.

Future

The next step is to implement SERRE quotient cate-
gories following [BLH] and use them to model cat-
egories of coherent sheaves on varieties with a COX
ring (toric varieties, MORI dream spaces, ...). Using
this setup we want to implement categories of coherent
sheaves equivariant under (discrete) group actions (uti-
lizing the strength of GAP).

We plan to formalize further parts of homological
algebra, e.g., to make the use of derived categories and
dg-categories8 constructive and to exploit constructive
versions of derived equivalences in a more systematic
way (the BGG-correspondence was a particular case).
For this we need data structures for tilting objects and
the support for rings that occur as their endomorphism
rings. A first application will be the construction of
BEILINSON monads and the BEILINSON spectral se-
quences (and the induced filtrations).

Dreaming further we like to imagine things like
étale cohomology, the derived RIEMANN-HILBERT cor-
respondence, perverse sheaves, GROTHENDIECK’s six
operations, ... becoming constructive.
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vol. 29, Birkhäuser, Basel, 2000, (http:
//www.polymake.org), pp. 43–73. MR
1785292 (2001f:52033)

[GS] Daniel R. Grayson and Michael E. Stillman,
Macaulay2, a software system for research in
algebraic geometry, (Available at http://
www.math.uiuc.edu/Macaulay2/).

[hpa12] The homalg project authors, The homalg
project, (http://homalg.math.
rwth-aachen.de/), 2003–2012.

[Wat00] Waterloo Maple Inc., Maple, 1996, 1998,
2000, 57 Erb Street West, Waterloo, ON N2L
6C2, Canada.

8differentially enriched categories

9



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




