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▼❛❧D❡ ❍❡✐D❤♦✛✱ ❇❡F♥❤❛F❞ ❘✉♠♣❡✱ ▼✐❝❤❛❡❧ ✈♦♥ ❡♥❝❦ED❡F♥
❙♦❢D✇❛F❡ ❊♥❣✐♥❡❡F✐♥❣✱ ❘❚❍ ❆❛❝❤❡♥ ♥✐✈❡FE✐D-D✱ ❉❡✉DE❝❤❧❛♥❞

✶ ❊✐♥❧❡✐3✉♥❣

❆✉❢❣C✉♥❞ ❞❡B ❤♦❤❡♥ ❑♦♥❦✉CC❡♥③❞C✉❝❦B ✐♥ ❞❡C ❆✉✲
A♦♠♦❜✐❧✐♥❞✉BAC✐❡ ❡C❢♦❧❣❡♥ ❊♥A✇✐❝❦❧✉♥❣❡♥ ✐♠ ❇❡C❡✐❝❤
❞❡B ❛✉A♦♥♦♠❡♥ ❋❛❤C❡♥B ✐♥ ✐♠♠❡C ❦TC③❡C❡♥ ❆❜BA\♥✲
❞❡♥ ✉♥❞ ❋✉♥❦A✐♦♥❡♥ ✐♥ ❞✐❡B❡♠ ●❡❜✐❡A ♠TBB❡♥ BA\♥✲
❞✐❣ ❛♥❣❡♣❛BBA ✇❡C❞❡♥✳ ❉✐❡ ❞❛❜❡✐ ❡♥A✇✐❝❦❡❧A❡♥ ❙②BA❡✲
♠❡ ✇❡C❞❡♥ ✐♠♠❡C ❦♦♠♣❧❡①❡C ✉♥❞ ❣C❡✐❢❡♥ ✐♠♠❡C A✐❡❢❡C
✐♥ B✐❝❤❡C❤❡✐AB❦C✐A✐B❝❤❡ ❇❡C❡✐❝❤❡ ❡✐♥✱ B♦♠✐A ♠✉BB ❞❡C❡♥
❙✐❝❤❡C❤❡✐A ✈❛❧✐❞✐❡CA ✇❡C❞❡♥✳ ❉❛B ✐❡❧ ✐BA ♥✐❝❤A ♠❡❤C
♥✉C ❞✐❡ ♥A❡CBATA③✉♥❣ ❞❡B ❋❛❤C❡CB ✭▲❡✈❡❧✲✸✮✱ B♦♥❞❡C♥
❡✐♥ ✈!❧❧✐❣ ✈♦♠ ▼❡♥B❝❤❡♥ ✉♥❛❜❤\♥❣✐❣ ❢❛❤C❡♥❞❡B ❆✉✲
A♦ ✭▲❡✈❡❧✲✺✮✳ ❉✐❡ ❙♦❢A✇❛C❡ ❤✐❡C❢TC ♠✉BB BA\♥❞✐❣ ✇❡✐✲
A❡C❡♥A✇✐❝❦❡❧A ✇❡C❞❡♥✱ ❡B ✜♥❞❡A ❛❧B♦ BA\♥❞✐❣ ❙♦❢A✇❛C❡✲
❊✈♦❧✉A✐♦♥ BA❛AA✳

❋TC ❞✐❡ ▼♦❞❡❧❧✐❡C✉♥❣ ❡✐♥❡B B♦❧❝❤❡♥ ❙②BA❡♠B ✇✐C❞
♠❡✐BA ❙✐♠✉❧✐♥❦✱ ❡✐♥ ▼♦❞❡❧❧✐❡C✉♥❣BA♦♦❧ ❢TC ❈✫❈ ✭❑♦♠✲
♣♦♥❡♥A❡♥ ✉♥❞ ❑♦♥♥❡❦A♦C❡♥✮ ❜❡♥✉A③A✳ ✉C ❛❧✐❞✐❡C✉♥❣
❞❡C ❆♥❢♦C❞❡C✉♥❣❡♥ ❦!♥♥❡♥ ❚❡BAB ♦❞❡C ❛✉❝❤ ❜❡B❝❤C\♥❦✲
A❡B ▼♦❞❡❧✲❈❤❡❝❦✐♥❣ ✭❇▼❈✮ ❣❡♥✉A③A ✇❡C❞❡♥✳ ❇▼❈
✇✐C❞ ♦❢A ③✉C ❋❛❧B✐✜③✐❡C✉♥❣ ❜❡♥✉A③A✱ ✉♠ B❝❤♥❡❧❧ ♠!❣✲
❧✐❝❤❡ ❋❡❤❧❡C ✜♥❞❡♥ ③✉ ❦!♥♥❡♥ ✭✷✱ ✶✮✳ ❉✐❡B❡B h❛✲
♣❡C BA❡❧❧A ❡✐♥ ❡C❢❛❤C❡♥ ✈♦C✱ ✉♠ ❈✫❈✲▼♦❞❡❧❧❡ ♠✐AA❡❧B
❇▼❈ ③✉ ✈❛❧✐❞✐❡C❡♥✳ ❉❛❜❡✐ ✇✐C❞ ❡✐♥ ❇❡✐B♣✐❡❧ ❛✉B ❞❡♠
❇❡C❡✐❝❤ ❞❡B ❛✉A♦♥♦♠❡♥ ❋❛❤C❡♥B ✈❡C✇❡♥❞❡A✳

✷ ▼♦❞❡❧❧✐❡6✉♥❣

❆❜❜✳ ✶ ③❡✐❣A ❡✐♥❡ ❈✫❈✲❑♦♠♣♦♥❡♥A❡ ✉♥❞ B♦❧❧ ❢TC ❞❡♥
❋❛❧❧✱ ❞❛BB B✐❝❤ ❛✉❢ ❞❡C ❙♣✉C ✈♦C ❞❡♠ ❡✐❣❡♥❡♥ ❆✉A♦ ❡✐♥
✇❡✐A❡C❡B ❜❡✜♥❞❡A✱ ❢♦❧❣❡♥❞❡ ❙✐❝❤❡C❤❡✐AB✲❆♥❢♦C❞❡C✉♥❣
❡C❢T❧❧❡♥✿ ❉✐❡ ❉✐0/❛♥③ ③✉♠ ✈♦1❛✉0❢❛❤1❡♥❞❡♥ ❋❛❤1③❡✉❣

♠✉00 ✐♠♠❡1 ♠✐♥❞❡0/❡♥0 2m ❜❡/1❛❣❡♥✳ ❉✐❡ ❑♦♠♣♦♥❡♥✲
A❡ ❡C❤\❧A ❞✐❡ ❉✐BA❛♥③ ③✉♠ ♥\❝❤BA❡♥ ❋❛❤C③❡✉❣ d ❛❧B
❊✐♥❣❛❜❡ ✉♥❞ ❣✐❜A ❡✐♥❡ ❇❡B❝❤❧❡✉♥✐❣✉♥❣ a ❛❧B ❆✉B❣❛✲
❜❡ ③✉CT❝❦✳ ❋❛❧❧B ❞❛B ✈♦C❛✉B❢❛❤C❡♥❞❡ ❆✉A♦ ✇❡♥✐❣❡C ❛❧B
30m ❡♥A❢❡C♥A ✐BA✱ ✇✐C❞ ♠✐A −3 m/s2 ❛❜❣❡❜C❡♠BA✱ ❛♥✲
B♦♥BA❡♥ ✇✐C❞ ♠✐A 3 m/s2 ❜❡B❝❤❧❡✉♥✐❣A✳ ♥A❡C ❞❡C ❇❡✲
❞✐♥❣✉♥❣✱ ❞❛BB ❞✐❡ ▼❛①✐♠❛❧❣❡B❝❤✇✐♥❞✐❣❦❡✐A ❞❡B ❡✐❣❡♥❡♥
❆✉A♦B ♥✐❝❤A ♠❡❤C ❛❧B 9 m/s (≈ 30 km/h) ✉♥❞ ❞✐❡ ♠❛✲
①✐♠❛❧❡ ❇❡B❝❤❧❡✉♥✐❣✉♥❣B✲ ✉♥❞ ❇C❡♠B❦C❛❢A ❞❡C ❜❡✐❞❡♥
❋❛❤C③❡✉❣❡ ♥✐❝❤A ♠❡❤C ❛❧B 3 km/h ❜③✇✳ ✇❡♥✐❣❡C ❛❧B
−3 km/h ❜❡AC\❣A✱ ✇✐C❞ ❞✐❡ ❙✐❝❤❡C❤❡✐AB✲❆♥❢♦C❞❡C✉♥❣
❡C❢T❧❧A ✭●C❛♣❤ ✐BA ✐♠ ❇❡✐B♣✐❡❧ ❡♥❞❧✐❝❤❀ ❦❛♥♥ ♠✐A ♥♦C✲
♠❛❧❡♥ ✭✉♥❜❡B❝❤C\♥❦A❡♠✮ ▼♦❞❡❧✲❈❤❡❝❦✐♥❣ ✈❡C✐✜③✐❡CA
✇❡C❞❡♥✮✳ ❉✐❡B❡ ❋✉♥❦A✐♦♥ ❦!♥♥A❡ ❛❧B♦ ✐♥ ❜❡BA✐♠♠A❡♥
❙③❡♥❛C✐❡♥ ✐♥ ❙A❛❞A❜❡C❡✐❝❤❡♥ ✭③✳❇✳ ✸✵❡C✲♦♥❡♥✮ ❢C❡✐❣❡✲
B❝❤❛❧A❡A ✇❡C❞❡♥✳

❋TC ❞✐❡ ▼♦❞❡❧❧✐❡C✉♥❣ ❞❡C ❆♥❢♦C❞❡C✉♥❣❡♥ ✇✉C✲
❞❡♥ ❊✐♥❣❛❜❡✴❆✉B❣❛❜❡✲❆✉A♦♠❛A❡♥ ✭■✴❖✲❆✉A♦♠❛A✮ ❣❡✲
✇\❤❧A✳ ❉✐❡ ❆✉A♦♠❛A❡♥ B♦❧❧❡♥ ❞❛③✉ ❣❡♥✉A③A ✇❡C❞❡♥
❞❛B ❡C❤❛❧A❡♥ ❡✐♥❡C ❑♦♠♣♦♥❡♥A❡ ③✉ B✐♠✉❧✐❡C❡♥❀ ❜❡✐
❡C❢♦❧❣C❡✐❝❤❡C ❙✐♠✉❧❛A✐♦♥ ❡C❢T❧❧A ❞✐❡ ❑♦♠♣♦♥❡♥A❡ ❞✐❡
❇❡❞✐♥❣✉♥❣✳ ❉❡C ❆✉A♦♠❛A ❛❦③❡♣A✐❡CA✱ ✇❡♥♥ ❡C ✇\❤✲
C❡♥❞ ❞❡B ▲❛✉❢❡B ❡✐♥❡♥ ❊♥❞③✉BA❛♥❞ ❡CC❡✐❝❤A✱ ❛♥B♦♥BA❡♥
✈❡C✇✐C❢A ❡C✳ ❉❡C ❆♥❢♦C❞❡C✉♥❣B✲❆✉A♦♠❛A ❜❡B✐A③A ❊✐♥✲
✉♥❞ ❆✉B❣❛❜❡ ✉♥❞ ❦❛♥♥ ❞❛❤❡C ❜❡❧✐❡❜✐❣❡B ❡C❤❛❧A❡♥
❢♦C❞❡C♥ ❜③✇✳ B✐♠✉❧✐❡C❡♥✳ ❉❛ ❞✐❡ ❆♥❢♦C❞❡C✉♥❣❡♥ ♠❡✐BA
✉♥A❡CB♣❡③✐✜③✐❡CA B✐♥❞✱ ♠TBB❡♥ ❞✐❡ ❆✉A♦♠❛A❡♥ ♥✐❝❤A✲

❞❡A❡C♠✐♥✐BA✐B❝❤ B❡✐♥✿ ③✳❇✳ BA❡❤A s
[true]−−−−→
{a<0}

t ❢TC ❡✐♥❡

❚C❛♥B✐A✐♦♥✱ ❜❡✐ ❞❡C ♥✐❝❤A✲❞❡A❡C♠✐♥✐BA✐B❝❤ ❡♥AB❝❤✐❡❞❡♥
✇✐C❞✱ ✇❡❧❝❤❡C ❡CA ❢TC a < 0 ❣❡✇\❤❧A ✇✐C❞✳ ✉B\A③✲
❧✐❝❤ C❡♣C\B❡♥A✐❡CA ✐♥ ❞✐❡B❡♠ h❛♣❡C ❡✐♥❡ ❆✉B❣❛❜❡ {%}
❥❡❞❡ ♠!❣❧✐❝❤❡ ❆✉B❣❛❜❡✱ ❞✳❤✳ B✐❡ ❦❛♥♥ ❛❧❧❡ ❆✉B❣❛❜❡♥
B✐♠✉❧✐❡C❡♥✳ ❆❜❜✳ ✷ ③❡✐❣A ❞✐❡ ❙✐❝❤❡C❤❡✐AB✲❆♥❢♦C❞❡C✉♥❣
❛❧B ♥✐❝❤A✲❞❡A❡C♠✐♥✐BA✐B❝❤❡ ■✴❖✲❆✉A♦♠❛A❡♥✳ ❉❡C ❆✉A♦✲
♠❛A ❜❡♥!A✐❣A ❡✐♥❡ ❙A❛CA❜❡❞✐♥❣✉♥❣✱ ✉♠ ③✉ ❡♥AB❝❤❡✐✲
❞❡♥✱ ✇❛♥♥ ❞✐❡B❡ ❆♥❢♦C❞❡C✉♥❣ T❜❡C♣CT❢A ✇❡C❞❡♥ B♦❧❧✿
❉❛ ❡B B✐❝❤ ❤✐❡C ✉♠ ❞❡♥ ❜❡B♦♥❞❡C❡♥ ❋❛❧❧ ❡✐♥❡C ■♥✈❛✲
C✐❛♥A❡ ❤❛♥❞❡❧A✱ B♦❧❧ ❞✐❡ ❊✐❣❡♥B❝❤❛❢A ✐♠♠❡C T❜❡C♣CT❢A
✇❡C❞❡♥ [true]✳

❉✐❡ ❋✉♥❦A✐♦♥ B♦❧❧ ♥✉♥ ❛✉❝❤ ❛✉S❡C❤❛❧❜ ✈♦♥ ✸✵❡C✲
♦♥❡♥ ❢C❡✐❣❡B❝❤❛❧A❡A ✇❡C❞❡♥✱ ❞✐❡ ▼❛①✐♠❛❧❣❡B❝❤✇✐♥✲
❞✐❣❦❡✐A ❜❡AC\❣A ♥✐❝❤A ♠❡❤C 9 m/s2✱ B♦♥❞❡C♥ 14 m/s2

(≈ 50 km/h)✳ ❉✐❡ ❜✐B❤❡C✐❣❡ ❈✫❈✲❑♦♠♣♦♥❡♥A❡ ❡C✲
❢T❧❧A ✉♥A❡C ❞❡C ♥❡✉❡♥ ❇❡❞✐♥❣✉♥❣ ❞✐❡ ❆♥❢♦C❞❡C✉♥❣ ♥✐❝❤A
♠❡❤C ✭B✐❡❤❡ ❋❡❤❧❡C❢❛❧❧ ✐♥ ❆❜❜✐❧❞✉♥❣ ✸✮ ✉♥❞ ♠✉BB ❛♥✲
❣❡♣❛BBA ✇❡C❞❡♥✳ ■♥ ❡✐♥❡C ■♠♣❧❡♠❡♥A✐❡C✉♥❣ ❞❡C ♥❡✉❡♥
❆♥❢♦C❞❡C✉♥❣ ❦!♥♥A❡ ✐♥ ❡✐♥❡C ♠!❣❧✐❝❤❡♥ ❊✈♦❧✉A✐♦♥ ❞❡C
❑♦♠♣♦♥❡♥A❡ ❞❡C ❙✐❝❤❡C❤❡✐AB❛❜BA❛♥❞ ❛✉❢ 60m ❡C❤!❤A
✇♦C❞❡♥ B❡✐♥✳ ❉✐❡ ❛❧✐❞✐❡C✉♥❣ ❞✐❡B❡C ❑♦♠♣♦♥❡♥A❡♥✈❡C✲
B✐♦♥ ❡C❣✐❜A✱ ❞❛BB ❞✐❡B❡ ❞✐❡ ❆♥❢♦C❞❡C✉♥❣ ✇✐❡❞❡C ❡C❢T❧❧A✳

✸ ♦6❣❡❤❡♥

✉C ❛❧✐❞✐❡C✉♥❣ ❡✐♥❡C ❈✫❈✲❑♦♠♣♦♥❡♥A❡ ✇✐C❞ ❞✐❡
❑♦♠♣♦♥❡♥A❡ B♦✇✐❡ ❞❡C ③✉❣❡❤!C✐❣❡ ❆♥❢♦C❞❡C✉♥❣B✲
❆✉A♦♠❛A ❜❡♥!A✐❣A✳ ❇❡✈♦C ❞✐❡ ❡✐❣❡♥A❧✐❝❤❡ ❙✐♠✉❧❛A✐♦♥
❜❡❣✐♥♥❡♥ ❦❛♥♥✱ ♠✉BB ❞✐❡ ❈✫❈✲❑♦♠♣♦♥❡♥A❡ ③✉❡CBA
✐♥ ❢♦❧❣❡♥❞❡♥ ❙❝❤C✐AA❡♥ ✐♥ ❡✐♥ ▼♦❞❡❧❧ AC❛♥B❢♦C♠✐❡CA
✇❡C❞❡♥✱ ❛✉❢ ❞❡♠ ❞❡C ❙✐♠✉❧❛A✐♦♥B❛❧❣♦C✐A❤♠✉B ❛C❜❡✐✲
A❡♥ ❦❛♥♥✳ ✐C ❜❡♥✉A③❡♥ ❞❛❢TC ❡♥❞❧✐❝❤❡ ❚C❛♥B✐A✐♦♥B✲
❙②BA❡♠❡✳ ✶© ❉❛③✉ ✇✐C❞ ❛✉B ❞❡C ❑♦♠♣♦♥❡♥A❡ ❡CBA
❡✐♥ ❑♦♥AC♦❧❧✢✉BB❣C❛♣❤❡♥ ❜❡C❡❝❤♥❡A ✹ ✼✱ ❞❡C ❣❡✲
♥❛✉ ❡✐♥❡♥ ❉✉C❝❤❧❛✉❢ ❞❡C ❑♦♠♣♦♥❡♥A❡ ❜❡B❝❤C❡✐❜A✳ ✷©
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d
3 p.>

[ <30 p
−3 p.> C&C Modell

❆❜❜✳ ✶✿ ❈✫❈✲
❑♦♠♣♦♥❡♥>❡ ✈♦B
❞❡B ❊✈♦❧✉>✐♦♥✳

.
�[ ≥ 2 p /{%}

[+1X�] Spec

%
❆❜❜✳ ✷✿ ❙✐❝❤❡B❤❡✐>@✲
❆♥❢♦B❞❡B✉♥❣

U: = 9 p/.Uã = 0p.[: = 435 p[ã = 465 p[ = 30p
U: = 12 p/.Uã = 0p.[: = 444 p[ã = 465 p[ = 21 p
U: = 9 p/.Uã = 0p.[: = 456 p[ã = 465 p[ = 9 p

U: = 6 p/.Uã = 0p.[: = 465 p[ã = 465 p[ = 0 p

d: = 3p.>dã = 0p.>
d: = −3p.>

d: = −3p.>dã = 0p.>

I/O-TS

dã = 0 p.>

❆❜❜✳ ✸✿ ●❡❣❡♥❜❡✐@♣✐❡❧

.

[ ≥ 30 p / {d ≔ 3 p.> ,U: += 3 p.> ⋅ Δ+, dã ∈ −3,3 ,Uã += dã ⋅ Δ+, [: += U: ⋅ Δ+,[ã += Uã ⋅ Δ+, [ ≔ [ã − [:}

[ < 30 p / {d ≔ −3p.> ,U: += −3p.> ⋅ Δ+, dã ∈ −3,3 ,Uã += dã ⋅ Δ+, [: += U: ⋅ Δ+,[ã += Uã ⋅ Δ+, [ ≔ [ã − [:}

Δ+ ≔ 0.1 .U: ≔ 0p/.Uã ≔ 0p/.[: ≔ 0p[ã ≔ 30p[ ≔ 30 p
I/O-EFA

❆❜❜✳ ✹✿ ❆✉>♦♠❛> ♠✐> ✐♥✲
>❡❣B✐❡B>❡B ♠✇❡❧>✶✳U: = 0 p/.Uã = 0 p/.[: = 0 p[ã = 30 p[ = 30p

U: = 3 p/.Uã = 1 p/.[: = 0 p[ã = 30 p[ = 30 p
U: = 6 p/.Uã = 3 p/.[: = 3 p[ã = 31 p[ = 28 p
U: = 3 p/.Uã = 5 p/.[: = 9 p[ã = 34 p[ = 25 p

U: = 0 p/.Uã = 5 p/.[: = 12 p[ã = 39 p[ = 27 p
U: = 0 p/.Uã = 2 p/.[: = 12 p[ã = 44 p[ = 32 p
U: = 3 p/.Uã = 0 p/.[: = 12 p[ã = 46 p[ = 34 p

+1X�d = 3 p.>
+1X�d = 3 p.>

+1X�d = −3 p.>+1X�d = −3 p.>

+1X�d = 3 p.>

+1X� d = −3 p.>

+1X� d = 3 p.>
. �[ ≥ 2 p /{%}[+1X�]

%âúÍÖÍÓ @§Ðß: d = −3 p.> %âúÍÖÍÓ @§Ðß: d = 0 p.>

%âúÍÖÍÓ @§Ðß: d = 1 p.>

%âúÍÖÍÓ @§Ðß: d = 2 p.>%âúÍÖÍÓ @§Ðß: d = 1 p.>

d = −3 p.>

d = 2 p.>

Ð = 0 . Ð = 1 .

Ð = 4 .Ð = 5 .

Ð = 6 .

Ð = 2 .

Ð = 3 .

1)

d ≠ 1 p.>

d ≠ −3 p.>

d ≠ 1 p.>

d ≠ 2 p.> d ≠ 2 p.>

d ≠ −3 p.> d ≠ 0 p.>

I/O-TS

❆❜❜✳ ✺✿ ❆✉@@❝❤♥✐>> ❛✉@ ❡♥>❢❛❧>❡>❡♥ ■✴❖✲❚❙ ❛✉@ ❆❜❜✳✹✳

❉❡C ❑♦♥AC♦❧❧✢✉BB❣C❛♣❤ ✇✐C❞ ❞❛♥♥ ✐♥ ❡✐♥❡♥ ❆✉A♦♠❛A❡♥
♠✐A ✐♥A❡C♥❡♥ ❛C✐❛❜❧❡♥ ✭❡❤❡♠❛❧B ❙♣❡✐❝❤❡C❜❛✉BA❡✐♥❡ ✐♥
❞❡C ❑♦♠♣♦♥❡♥A❡✮ T❜❡C❢T❤CA ✻✳ ❉✐❡B❡C ❆✉A♦♠❛A ❜❡✲
B❝❤C❡✐❜A ❞❛B ✈♦❧❧BA\♥❞✐❣❡ ❡C❤❛❧A❡♥ ❞❡C ❑♦♠♣♦♥❡♥A❡✿
❋TC ❥❡❞❡ ❡CA❡❜❡❧❡❣✉♥❣ ❞❡C ❊✐♥❣❛❜❡✲h♦CAB ✇✐C❞ ❡✐♥❡
❆✉B❣❛❜❡ ❜❡C❡❝❤♥❡A✳ ✸© ■♥ ❞✐❡B❡♥ ❆✉A♦♠❛A❡♥ ✇✐C❞ ♥✉♥
♥♦❝❤ ❞✐❡ ♠✇❡❧A✱ ✇✐❡ ●❡B❝❤✇✐♥❞✐❣❦❡✐A❡♥ ♦❞❡C ❉✐BA❛♥✲
③❡♥✱ ✐♥A❡❣C✐❡CA ✭B✐❡❤❡ ❆❜❜✳ ✹✮✳ ✹© ❉❛♥♥ ✇❡C❞❡♥ ❛❧❧❡ ✐♥✲
A❡C♥❡♥ ❛C✐❛❜❧❡♥ ✐♥ ❡✐♥③❡❧♥❡ ✉BA\♥❞❡ ❡♥A❢❛❧A❡A ✸ ✉♥❞
♠❛♥ ❡C❤\❧A ❡✐♥ ■✴❖✲❚C❛♥B✐A✐♦♥B✲❙②BA❡♠ ✭■✴❖✲❚❙✮✱ ❜❡✐
❞❡♠ ❥❡❞❡ ❚C❛♥B✐A✐♦♥ ❡✐♥❡♥ ❡✐AB❝❤C✐AA ❞❛CBA❡❧❧A ✭B✐❡✲
❤❡ ❆❜❜✳ ✺✮✳ ❉❛ ❞✐❡B ❣❣❢✳ ❡✐♥ ✉♥❡♥❞❧✐❝❤ ❣C♦S❡B ■✴❖✲❚❙
❡C③❡✉❣❡♥ ✇TC❞❡✱ ✇✐C❞ ❤✐❡C ♥✉C ❜✐B ③✉ ❡✐♥❡C ❜❡BA✐♠♠✲
A❡♥ ❚✐❡❢❡ ❡♥A❢❛❧A❡A ✭❇▼❈✮✳ ❆✉❢ ❞✐❡B❡♠ ❦❛♥♥ ✭\❤♥❧✐❝❤
③✉ ✺✮ ❞❡C ❙✐♠✉❧❛A✐♦♥B❛❧❣♦C✐A❤♠✉B ❛✉B❣❡❢T❤CA ✇❡C❞❡♥✿
❋TC ❛❧❧❡ ✉BA\♥❞❡ ❛✉B ❞❡♠ ■✴❖✲❚❙✱ ❢TC ✇❡❧❝❤❡ ❞✐❡
❙A❛CA❜❡❞✐♥❣✉♥❣ ❞❡B ❡C✐✜❦❛A✐♦♥B✲❆✉A♦♠❛A❡♥ ③✉AC✐✛A✱
✇✐C❞ T❜❡C♣CT❢A✱ ♦❜ ❞✐❡ ✐♥ ❘❡❧❛A✐♦♥ BA❡❤❡♥❞❡♥ ✉BA\♥✲
❞❡ ❜❡✐ ❣❧❡✐❝❤❡C ❊✐♥❣❛❜❡ ❡✐♥❡ ❣❧❡✐❝❤❡ ❆✉B❣❛❜❡ ❡C③❡✉❣❡♥
❦!♥♥❡♥ ✉♥❞ ♦❜ ❞✐❡B❡ ③✉ ❡✐♥❡♠ ❊♥❞③✉BA❛♥❞ ❢T❤C❡♥✳
❚C❛♥B✐A✐♦♥ ❛ ❞❡B ❆✉A♦♠❛A❡♥ ✐♥ ❆❜❜✳ ✷ ❦!♥♥A❡ ❥❡❞❡
❚C❛♥B✐A✐♦♥ ✐♥ ❞❡♠ ■✴❖✲❚❙ ❛✉B ❆❜❜✳ ✺ B✐♠✉❧✐❡C❡♥✱ ✇❡B✲
❤❛❧❜ ❞✐❡ ❆♥❢♦C❞❡C✉♥❣ ❢TC ❞✐❡B❡ ✉BA\♥❞❡ ❡C❢T❧❧A ✇✐C❞✳
✉C l❜❡C♣CT❢✉♥❣ ❞❡C ❞❛❜❡✐ ❡♥ABA❡❤❡♥❞❡♥ ❊C❢T❧❧❜❛C✲
❦❡✐AB♣C♦❜❧❡♠❡ ✇✐C❞ ▼✐❝C♦B♦❢AB ✸✲❙♦❧✈❡C ❜❡♥✉A③A✳

✹ ❍❡6❛✉4❢♦6❞❡6✉♥❣❡♥

♠ ❆♥❢♦C❞❡C✉♥❣❡♥ ❛♥ ❞✐❡ ♠✇❡❧A ✭③✳❇✳ ❞✐❡ ❡✐❣❡♥❡ ●❡✲
B❝❤✇✐♥❞✐❣❦❡✐A ♦❞❡C ❞✐❡ ❉✐BA❛♥③ ③✉ ❍✐♥❞❡C♥✐BB❡♥✮ ✈❡✲
C✐✜③✐❡C❡♥ ③✉ ❦!♥♥❡♥✱ ♠✉BB ❞✐❡B❡ ♠✐A ♠♦❞❡❧❧✐❡CA ✇❡C✲
❞❡♥✳ ❉✐❡ ❇❡C❡❝❤♥✉♥❣ ❞✐❡B❡C ■♥❢♦C♠❛A✐♦♥❡♥ ❡C❢♦❧❣A T❜❡C
♠✐AA❡❧B ❉✐✛❡C❡♥③❡♥❣❧❡✐❝❤✉♥❣❡♥ ❛♣♣C♦①✐♠✐❡CA❡C ❋✉♥❦✲
A✐♦♥❡♥✱ ✇❡❧❝❤❡ ❡♥AB♣C❡❝❤❡♥❞❡ ♣❤②B✐❦❛❧✐B❝❤❡ ●❡B❡A③♠\✲
S✐❣❦❡✐A❡♥ ❜❡B❝❤C❡✐❜❡♥✳ ♠ ❡A✇❛ ❞✐❡ ●❡B❝❤✇✐♥❞✐❣❦❡✐A
③✉ ♠♦❞❡❧❧✐❡C❡♥✱ ✇✐C❞ ❢TC ❥❡❞❡♥ ❡✐AB❝❤C✐AA ❞✐❡ ❋✉♥❦✲

A✐♦♥ v := v + a · Δt ❜❡C❡❝❤♥❡A✳ ❍✐❡C❜❡✐ BA❡❤A Δt ❢TC
❞✐❡ ❉❛✉❡C ❡✐♥❡B ❡✐AB❝❤C✐AA❡B✳ ❉✐❡B ❤❛A ❛✉❝❤ ③✉C ❋♦❧❣❡✱
❞❛BB ■♥❢♦C♠❛A✐♦♥❡♥ ✇✐❡ ●❡B❝❤✇✐♥❞✐❣❦❡✐A ♦❞❡C ❉✐BA❛♥③
✐♥ ❙❝❤C✐AA ✹© ♠✐A ❡♥A❢❛❧A❡A ✇❡C❞❡♥ ♠TBB❡♥✱ ✇❛B ✇✐❡✲
❞❡C✉♠ ③✉ ❡✐♥❡♠ B❡❤C ❣C♦S❡♥ ❚C❛♥B✐A✐♦♥B✲❙②BA❡♠ ❢T❤CA
✭✉BA❛♥❞BC❛✉♠❡①♣❧♦B✐♦♥B♣C♦❜❧❡♠ ✸✮✳ ♠ ❞✐❡ ❆♥③❛❤❧
❛♥ ✉BA\♥❞❡♥ ❦❧❡✐♥ ③✉ ❤❛❧A❡♥✱ ❦❛♥♥ Δt ✈❛C✐✐❡CA ✇❡C✲
❞❡♥✳ ❊✐♥ ❦❧❡✐♥❡B Δt ♠♦❞❡❧❧✐❡CA ❞✐❡ ♠✇❡❧A B❡❤C ❣❡♥❛✉✱
✇\❤C❡♥❞ ❞✐❡ ❛❤❧ ❡✐♥❡B ❣C♦S❡♥ Δt ❜❡❞❡✉A❡A✱ ❞❛BB ✇❡✲
♥✐❣❡C ✉BA\♥❞❡ ❜❡C❡❝❤♥❡A ✇❡C❞❡♥✳ ❋❛❧❧B ❞✐❡ ❡C✐✜❦❛A✐✲
♦♥ ❢TC ❡✐♥ ③✉ ❣C♦S❡B Δt ❢❡❤❧B❝❤❧\❣A✱ ❞❛♥♥ ❦!♥♥A❡ ❞✐❡
❛❤❧ ❡✐♥❡B ❦❧❡✐♥❡C❡♥ Δt ③✉ ❡✐♥❡♠ ♣♦B✐A✐✈❡♥ ❊C❣❡❜♥✐B
❢T❤C❡♥✳

✺ ✉4❛♠♠❡♥❢❛44✉♥❣

❉❛B ❤✐❡C ✈♦C❣❡BA❡❧❧A❡ ❡C❢❛❤C❡♥ ❦❛♥♥ ❡✐♥❣❡B❡A③A ✇❡C✲
❞❡♥✱ ✉♠ B❝❤♥❡❧❧ ✉♥❣❡✇♦❧❧A❡B ❡C❤❛❧A❡♥ ✈♦♥ ❈✫❈✲
❑♦♠♣♦♥❡♥A❡♥ ③✉ ✐❞❡♥A✐✜③✐❡C❡♥✳ ❉❛♠✐A ❡✐♥❤❡C❣❡❤❡♥❞
✐BA ❡B ❞❛❢TC ❣❡❡✐❣♥❡A ❞✐❡ ❆✉❢❣❛❜❡ ❞❡C ❛❧✐❞✐❡C✉♥❣ ✈♦♥
❑♦♠♣♦♥❡♥A❡♥❡✈♦❧✉A✐♦♥ ③✉ T❜❡C♥❡❤♠❡♥✿ ■♥ ❞❡C ❙♦❢A✲
✇❛C❡❡✈♦❧✉A✐♦♥B♣❤❛B❡ ❦❛♥♥ B♦ ✈❛❧✐❞✐❡CA ✇❡C❞❡♥✱ ♦❜ ❡✐♥❡
♥❡✉❡ ❑♦♠♣♦♥❡♥A❡♥✈❡CB✐♦♥ ♥♦❝❤ ✐♠♠❡C ❛❧❧❡ ❛♥ B✐❡ ❣❡✲
C✐❝❤A❡A❡♥ ❆♥❢♦C❞❡C✉♥❣❡♥ ❡C❢T❧❧A✳

▲✐3❡6❛3✉6
✶ ❊✳ ❈✳ ❆P♠✐♥ ❇✐❡P❡✱ ❆❧❡NN❛♥❞P♦ ❈✐♠❛LL✐ ❛♥❞ ✳ ❤✉✳ ❙②♠✲

❜♦❧✐❝ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ✇✐L❤♦✉L ❜❞❞N✳ ■♥ ❚❆❈❆❙✱ ✶✾✾✾✳
✷ ❍✳ ✈✳ ▼✳ ❆P♠✐♥ ❇✐❡P❡✱ ▼❛P✐❥♥ ❍❡✉❧❡ ❛♥❞ ❚✳ ❛❧N❤✳ ❍❛♥❞✲

❜♦♦❦ ♦❢ N❛L✐N✜❛❜✐❧✐L②✳ ✷✵✵✾✳
✸ ❈✳ ❇❛✐❡P ❛♥❞ ❏✳✲_✳ ❑❛L♦❡♥✳ .1✐♥❝✐♣❧❡0 ♦❢ ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✳

▼■❚ _P❡NN✱ ✷✵✵✽✳
✹ ❉✳ ❊P♥NL✳ ❚P❛♥N❢♦P♠❛L✐♦♥ ✈♦♥ ▼♦♥L✐❆P❝✲▼♦❞❡❧❧❡♥ ③✉ ❑♦♥✲

LP♦❧❧✢✉NN❣P❛♣❤❡♥✳ ❇❛❝❤❡❧♦P❛P❜❡✐L✱ ✷✵✶✻✳
✺ ❇✳ ❘✉♠♣❡✱ ❈✳ ❙❝❤✉❧③❡✱ ▼✳ ✈✳ ❡♥❝❦NL❡P♥✱ ❏✳ ❖✳ ❘✐♥❣❡PL✱ ❛♥❞

_✳ ▼❛♥❤❛PL✳ ❇❡❤❛✈✐♦P❛❧ ❈♦♠♣❛L✐❜✐❧✐L② ♦❢ ❙✐♠✉❧✐♥❦ ▼♦❞❡❧N
❢♦P _P♦❞✉❝L ▲✐♥❡ ▼❛✐♥L❡♥❛♥❝❡ ❛♥❞ ❊✈♦❧✉L✐♦♥✳ ■♥ ❙.▲❈✳
❆❈▼✱ ✷✵✶✺✳

✻ ■✳ ❙❤✉♠❡✐❦♦✳ ❙LP❛L❡❣✐❡N L♦ ❘❡❞✉❝❡ ❛P✐❛❜❧❡ ♥❢♦❧❞✐♥❣N
✐♥ ■✴❖✲❊❋❆ ❙✐♠✉❧❛L✐♦♥ _P❡♦P❞❡P ❆❧❣♦P✐L❤♠✳ ▼❛NL❡P❛P❜❡✐L✱
✷✵✶✼✳

✼ ❙✳ ❚♦❧❦N❞♦P❢✳ ❑♦♥LP♦❧❧✢✉NN❣P❛♣❤❡♥❛♥❛❧②N❡ ❢DP ❞❛N ❡P✐✜❦❛✲
L✐♦♥NL♦♦❧✳ ❇❛❝❤❡❧♦P❛P❜❡✐L✱ ✷✵✶✻✳

✶a ✐NL ❤✐❡P ❖✉L♣✉L✱ ❞❡P ❘❡NL N✐♥❞ ✐♥L❡P♥❡ ❛P✐❛❜❧❡♥✳ aV ✐NL
❞✐❡ ❇❡N❝❤❧❡✉♥✐❣✉♥❣ ❞❡N ✈♦P❛✉N❢❛❤P❡♥❞❡♥ ❋❛❤P③❡✉❣❡N✱ vE ✉♥❞ vV
N✐♥❞ ❞✐❡ ●❡N❝❤✇✐♥❞✐❣❦❡✐L❡♥ ❞❡N ❡✐❣❡♥❡♥ ❜③✇✳ ❞❡N ✈♦P❛✉N❢❛❤P❡♥✲
❞❡♥ ❋❛❤P③❡✉❣❡N ✉♥❞ dE ✉♥❞ dV N✐♥❞ ③✉PD❝❦❣❡❧❡❣L❡ ❉✐NL❛♥③❡♥
❞❡P ❜❡✐❞❡♥ ❋❛❤P③❡✉❣❡
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