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Ma hema ical c e fo modeling eman ic ,
nce ain , and cogni i e p oce e

GÈn he Wi ching1

Ab ac : Thi alk in e iga e ma hema ical c e hich a e ef l fo de igning cogni i e
machine i h pecial empha i on hei ma hema ical p ope ie .

Seman ic . S a ing poin i modeling eman ic b o de -de e mini ic pom e a de®ned in
[Re9 ]. I i clea ha an n a ee and an fea e c e can be ep e en ed b a pom e ,
hence hi model i app op ia e fo li e al eman ic a con ide ed in [CEEJKL1 , Kapi el ]. On
he o he hand, in [WHKLR1 ] i i gge ed ha mo e ba ic p agma ic eman ic a con ide ed
in [Sk5 , p. 14] and [WL1 ] a e de c ibable b fea e- al e- ela ion , and hence al o b pom e .

The p e® ela ion i a pa ial o de on he cla of pom e , o on an e of pom e o e a ® ed
common alphabe . When e e ic a en ion o o de -de e mini ic pom e , hen, a i ho n in
[Re9 ], he p e® ela ion ha in®ma and ®ni e p ema. If e ha e o fea e c e hich
admi ni®ca ion [CEEJKL1 , Ab chni . . ], e ob ain hi ni®ca ion b ega ding he fea e

c e a o de -de e mini ic pom e and aking hei p em m.

Unce ain . Fo modeling nce ain , con ide al a ion map  : U ! X de®ned on a gi en
(®ni e) e U of eman ic ni , and a ocia ing a al a ion ( ) 2 X de each eman ic ni 2 U
(cf. [WL14]). The al a ion ( ) ep e en nce ain : hen X = [ ,1], an elemen 2 X co ld
be in e p e ed a a p obabili , o a a f al e. In he p e en ab ac e ing, he e X i no
® ed, and o he in e p e a ion a e al o concei able.

Deci ion. No con ide al o pa ial al a ion map  :V!X, he e V⊆U i b e . Deno e he
domain of de®ni ion of a (pa ial) al a ion map b D(). Then deci ion i an ope a ion e ic ing
a gi en (pa ial) al a ion map  o ome b e

D()⊆ D()⊆ U,

leading o a pa ial al a ion  := |D() hich onl al a e he eman ic ni co e ponding
o he deci ion. The elemen of D() a e called inne of he deci ion. A deci ion ope a ion i
called con i en i h al a ion [WL14], if he e i a bina ela ion on X ch ha

2 D() , 2 D() ^ ∀ 2 D() : ( ) ( ). (1)

I i p o ed in [WL14] ha , in hi i a ion, p ope ie of co e pond o p ope ie of a follo :

Deci ion  Bina ela ion
± non- ani hing ± ®ni e b e - opped
± effec i e ± an i mme ic
± b e - able ± an i i e
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Thi implie ha a deci ion ope a ion  hich i con i en i h al a ion i non- ani hing, effec-
i e, and b e - able, if and onl if i i ba ed on a o al o de on X ia (1). On he o he hand,
he e i no appa en connec ion be een and he p e® ela ion on U.

Join. The econd cogni i e ope a ion con ide ed he e i join of eman ic ni , and ha hi
mean fo al a ion. To ® no a ion, le 1 :U1 !X and  :U !X be o gi en al a ion map .
Fo eman ic ni 1 2U1 and 2U , gi en a o de -de e mini ic pom e , deno e b 1 hei
join [Re9 ], o , eq i alen l , hei p em m . . . p e® ela ion. I ma happen ha ome of he
join 1 , hen 1 n o e U1 and n o e U , do no efe o eal i a ion and he efo
can be di ca ded. The emaining meaningf l join a e collec ed in a b e V⊆U1 U . Mo eo e ,
a i idempo en , i ma happen ha ∅ 6=U1∩U ⊆V. No a al a ion map  :V[U1[U !X
hich e end bo h 1 and  i called con i en i h join, if he e i a bina ope a ion _ on X
ch ha

∀ 1 2 U1 and 2 U : 1 2 V ) ( 1 ) = ( 1)_( ).

If e a me ha ( 1 ) = ( 1)_( ) i alid fo a bi a o de -de e min i ic pom e
1, , hi o ld impl ha _ i aking he p em m . . . ome pa ial o de on X, and ha 
e pec he p e® ela ion in he en e ha ( ) ( ) hene e i a p e® of . No e ha a
hi age, he e i no appa en connec ion o he o al o de con ide ed in (1).

Concl ion. S ppo e ha e a e o de ign a cogni i e em, and e decided o e fo modeling
eman ic ni elemen f om he e DPOM(E) of o de -de e mini ic pom e o e a gi en alphabe

E. If e i h o model nce ain b a al a ion map  :DPOM(E)!X hich beha e ell . . .
a ional cogni i e ope a ion , hen i f®ce o en e ha  map he p e® ela ion o a o al o de
on X, and he join o aking he ma im m . . . ha o al o de .

Ke o d : Pom e , o de -de e mini ic pom e , p e® ela ion, di ib i e la ice, ni®ca ion, fea-
e c e, nce ain , eman ic ni , al a ion map, deci ion ope a ion, bina ela ion, join

ope a ion, bina ope a ion.
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