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Abstract

Free theorems [Wad89] establish interesting properties of parametrically polymorphic
functions, solely from their types, and serve as a nice proof tool. For pure and lazy func-
tional programming languages, they can be used with very few preconditions. Unfortu-
nately, in the presence of selective strictness, as provided in languages like Haskell, their
original strength is reduced [JV04]. We present an approach for restrengthening them. By
a refined type system which tracks the use of strict evaluation, we rule out unnecessary
restrictions that otherwise emerge from the general suspicion that strict evaluation may be
used at any point. Additionally, we provide an algorithm determining all refined types for
a given term. The algorithm has been implemented, and a web interface to it is available.1

For motivation, consider the well-known Haskell Prelude function foldl and its strict vari-
ant foldl

0 in the Haskell standard library Data.List. Both are of type 8↵.8�.(↵ ! � !

↵)! ↵ ! [�]! ↵, and the corresponding free theorem, ignoring potential strict evalua-
tion, states that f (foldl c n xs) = foldl c

0 (f n) (map g xs), and analogously for foldl
0,

for appropriately typed c, c
0, n, xs and strict f , g such that f (c x y) = c

0 (f x) (g y) for
all x and y. In the untamed presence of selective strictness, certain additional restrictions
would be required, namely that f and g are total (f x 6= ? and g x 6= ? for every x 6= ?),
c = ? iff c

0 = ?, and for every x, c x = ? iff c
0 (f x) = ?. But with our techniques

we obtain that for foldl the equation holds without any of these additional restrictions, and
that for foldl

0 it holds with only the single restriction that f is total.
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