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A Survey of Constraint Transformation Methods

Sven Loffler, Ilja Becker, Franz Kroll, Petra Hofstedt!

Abstract: The solution performance of finite domain (FD) constraint problems can often be improved
by either transforming particular constraints or sub-problems into other FD constraints like binary,
table or regular membership constraints, or by transformation of the complete FD problem into an
equivalent problem but of another domain, e.g. in a SAT problem. Specialized constraint solvers (like
binary or SAT solvers) can outperform general constraint solvers for certain problems. However, this
comes with high efforts for the transformation and/or other disadvantages such as a restricted set of
constraints such specialized solvers can handle or limitations on the variables domains. In this paper
we give an overview of CSP and constraint transformations and discuss applicabilibty and advantages
and disadvantages of these approaches.

Keywords: Constraint Programming; CSP; Refinement; Optimization; Regular Membership Con-
straint; Regular CSPs; Table Constraint; SAT; Binary Constraint

1 Introduction

Constraint programming (CP) is a powerful method to model and solve NP-complete
problems in a declarative way. Typical applications of CP are among others rostering, graph
coloring, optimization, resource management, planning, scheduling and satisfiability (SAT)
problems [Ma98].

Because the search space of constraint satisfaction problems (CSPs) and constraint satisfac-
tion optimization problems (CSOPs or COPs) is immensely big and the solution process
often needs an extremely large amount of time we are always interested in improving the
solution process. In practice there are often various ways to describe a CSP and consequently
the problem can be modeled by different combinations of constraints, which results in
the differences in resolution speed and behavior. For example, there is the possibility to
represent a CSP with constraints, which are of the same kind. Thus we have the possibility to
use a solver, solver settings or search strategies which are optimized for the used constraints.

The rest of this paper is structured as follows. In Section 2, we introduce the necessary
definitions of constraint programming. In Sections 3, 4, and 5 we give a survey of existing
transformations of a general CSPs into binary, boolean, and table and regular CSPs.
Furthermore, in each of these three sections we show examples of transformations and
discuss advantages and disadvantages. Finally, in Section 6 we summarise and explain
future steps in our researches.
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2 Preliminaries

In this section we introduce basic definitions and concepts of constraint programming (CP)
and present the relevant constraints, which are used in the rest of the paper. We consider
CSPs, which are defined in the following way.

A constraint satisfaction problem (CSP) is defined as a 3-tuple P = (X, D, C) where
X ={x1,x2,...,x,}is a set of variables, D = {D1, D, ..., D, } is a set of finite domains
where D; is the domain of x; and C = {cy,¢3,...,cm} is a set of constraints. At this,
constraint ¢; = (X s Rj) is arelation R, which is defined over a set of variables X; C X
[De03b; RBWO6].

The scope of a constraint ¢; = (X;, R;) indicates the set of variables, which is covered by
the constraint ¢ j: scope(c;) = X; [De03b].

The relation R of a constraint ¢ = (X, R) represents a subset of the Cartesian product of
the domain values D X ... X D, of the corresponding variables X = {xi,...,x,}. This
can be expressed implicitely by a mathematical formula or (for FD constraints) explicitely
by enumeration of the allowed tuples of domain values. In the following, we will use the
explicit representation of constraints, i.e. by sets 7" of tuples of an ordered set of variables
X. A CSP can only have a finite number of solutions because the number n of variables and
the domain sizes are finite. Thus, it is possible to finitely enumerate all solutions of a CSP

Finally, we introduce two definitions of constraints relevant in this paper. Let a CSP
P = (X,D,C) and a subset X’ of variables X of the CSP P be given.

For an ordered subset of variables X’ = {xi,...,x,} € X, a positive table constraint
table(X’, T) restricts any solution of the CSP to be compatible to the one of the given
domain tuples of T'. (For a negative constraint table, (X', T) a solution must be incompatible
to all the given tuples in 7'.)

We use the notation of a regular constraint as a synonym for regular membership
respectively regular language membership constraint. The regular constraint and its
propagation [HPBO04; PeO1; Pe04] is based on deterministic finite automatons (DFAs)
[HU79]. Let M = (Q, X, 6, qo, F) be a DFA, let X’ = {x{,...,x,} C X be an ordered set
of variables with domains D = {D,D»,...,D,},Yi € {l,...,n}: D; C X. The regular
constraint regular(X’, M) defines the allowed domain value tupes as:

{wi,...,wp) | Vie{l,...,n},w; € D;, (Wiwy...w,) € L(M)}[HKO6]

So, the concatenation of the values w; of the variables x;, Vi € {1, ..., n} must be accepted
by the automaton M.

Based on the definition of the table and the regular constraint, we define a table CSP
respectively a regular CSP as a CSP which contains only table or regular constraints.
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Furthermore, there are binary CSPs which contain only constraints covering two or less
variables and boolean CSPs (SAT problems) which contain only boolean variables and
logical clauses of the form (\/;(=)x;;) as constraints.

3 Transformations into Binary CSPs

Two common possibilities to transform FD-CSPs into binary CSPs are the dual [DP89] and
the hidden transformations [Pe60; RPD90; SF94]. The goal of these transformations is to
receive binary CSPs, i.e CSPs to which algorithms like path consistency (PC-1 und PC-2 in
[De03a]) can be applied. Establishing path consistency is possible in polynomial time, but
depending on the given CSP much transformation time is needed.

3.1 Dual Transformation

For the dual transformation of a CSP P = (X, D, C) into a dual CSP pdual — (Xd, D4, Cd)
for each constraint ¢; = (X;,T;) € C of the original CSP P a new dual variable x¢ € X4 is
created. The domain of each such variable contains all allowed tuples 7; of the corresponding
constraint ¢;. For each pair of original constraints ¢; and c¢; € C, which cover at least one
shared variable, a new binary dual constraint cf’j = ({xl?l,x;.l}, Rl?fj) € C4 is created. The

relation Rl?lj defines all allowed tuples, which satisfy ¢; and c;.

It follows a formal definition of the dual transformation and an example, which illustrates
the transformation of a CSP into a dual CSP.

Definition 1 (Dual transformation). The dual transformation of a CSP P = (X, D, C) is
defined by P4l = (X4 D4 C%), with:

x4 = {x‘ll - xi} is a set of dual variables, where each variable xlfl represents a constraint
ci € CofP.

D4 ={D?,...,DZ}, with Dfl = T; is the set of domains for the dual variables. For every dual
variable xlfl e X4 holds Df’ = T;, where T; is the list of admissible tuples of ¢; = (X;, R;).

C? is a set of dual constraints over the dual variables. For each pair of constraints
ci,cj € Cwith ¢; # ¢j and scope(c;) N scope(cj) = X; j # 0 of P a dual constraint
cﬁj = ({x?,x?},Tfj.) € C4 is created. Each tuple (a;, bj) e Y}fl;-’al contains a tuple a; € T,
and a tuple b € T}, which have equal projections to their shared variables [Ba02].

Example 1 (Dual transformation). Given is the CSP P Py = (X, D, C) with

X = {x1,x2,x3,Xx4}
D = {D;={0,1},D,={0,1},D3={0,1,2},D4 = {0, 1,2}}
C = {c1=(x1 #x2), c2 = (x1 <x3), c3 = count({x1,x2,x3,x4},2,1)}



1110 Sven Loffler et al.

The count-constraint c3 demands that the value 1 is assigned to 2 of the variables xy, . . ., x4.

When tranforming P; into a dual CSP, for each constraint ¢y, ¢, c3 € C a dual variable
x4 = {x x2 x4 } is created. The allowed tuples of ¢y, ¢, and c3 are enumerated for the
domains of x{, x{, and x¢. For example D{ = {(0, 1), (1,0)}.

Each pair ¢;, c; € C with at least one shared variable yields a new binary dual constraint

"] For example we get cd”“l = ({xd”“l ““l} Td““l) where tuple list T’ represents
the projection of the allowed tuples of ¢ and co, such that the shared Varlable x1 has the
same value: T" = {((0,1), (0, 1)), ((0,1),(0,2)), ((1,0), (1,2))}. It follows an excerpt

of the resultmg dual CSP pdual = (x4 p4 C9) with

x4 = {xd,xd,xd
D? = {Dd = {(0 D), (1,0)},
d - {(0,1), (0,2), (1,2)},
={(0,0,1,1), (0,1,0,1), (0,1,2,1), (0,1,1,0), ..., }}
c = e, = (I xg 1, {((0,1), (0, 1)), ((0,1),(0,2)), ((1,0),(1,2)}),

¢ = (.24}, {((0, 1), (0,1,0,1)), ((0,1),(0,1,2, 1)),
((0,1),(0,1,1,0)), ..., ((1,0), (1,0,1,2)), ...})

¢d ;= (x4, x4}, {((0, 1), (0,0, 1, 1)), ((0,1), (0,1,1,0)),
((0,1),(0,1,1,2)),((0,2),(0,1,2,1)), ...} }

3.2 Hidden Transformation

Regarding the hidden transformation of a CSP P = (X, D, C) into a hidden CSP phidden —
(XU X" DuUD" C"), the hidden variables X" and their domains are created analogously
to the dual variables in the above transformation. The hidden constraints C" are binary
constraints, each between an original variable x; € X and a hidden variable xj’ € X" such
that the constraint ¢; € C, now represented by the hidden variable x , contains the variable
X;,1.e. x; € scope(c;). In this way, a bipartite graph with the two sets of nodes X and X"
is created. The hidden constraints C”* guarantee that every variable is only assigned values,
which fulfill the initial constraints, in which this variable involved.

Definition 2 (Hidden transformation). Given a CSP P = (X, D, C), the hidden transforma-
tion yields a CSP phidden — (xh 4 x D" U D,C"), where X" and D" are created as X¢
and D¢ by the dual transformation. C" is the set of binary hidden constraints, where each
connects a hidden variable x" € X" with a variable x € X of the initial CSP P.

For every hidden variable x;’ € X" and for every initial variable x; € X, which are connected
via the initial constraint ¢; = (X;,T}) (x; € scope(c;)), a hidden constraint ch ;€ ch

exists in C". Any such hidden constraint c ii= ({x,,x }R; j) specifies the admtsszble
tuples t € Tj when a value a is assigned to the variable x, (Ri,j = t[x;] = a) [Ba02].
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Example 2 (Hidden transformation). Given is again the CSP P, which is supposed to be
transformed into a hidden CSP. For each of the three constraints ¢, ¢, and c¢3 a hidden
variable X" = {x{’,xé’,xé’} and domain D" = {Dh,Dg,Dél} is created as by the dual
transformation.

A new, binary hidden constraint cf‘ ; must be generated for every pair of variables
x; € X and x" € X" with x; € scope(c;). We get the following constraints: ¢} | =
(e, X LT eh = (o, x (1), efy = (g LT, ey = (fa, 01, T8,
Clil’3 = ({xl7x§1}’T{f3)9 Cg:, = ({xz,xgl}’ T2113)’ Cg’:; = ({x37-x§l}7 T;fj,) and CZ’3 =
(fa, ¥, 7).

The lists of tuples Tlhj result as given above, e.g. Tlh’l ={(0,(0,1)), (1,(1,0))} associates
with the first tuple the value O for x; with the valuation (0, 1) for constraint ¢; (and
1 for x; with (1,0) for ¢; with the second tuple). This results in a new hidden CSP
phidden — (x y X" DU D" C") with:

Xuxh = {xl,xz,xg,x4,x{’,xé‘,x§l
DUD" = {D;={0,1}, D, ={0,1}, D3 = D4 =1{0,1,2},

DY ={(0,1), (1,00}, D} = {(0,1), (0,2), (1,2)},

DY = {(0,0,1,1), (0,1,0,1), (0,1,2,1), (0,1,1,0), ..., }}
c’ = {Clll’l = ({X[,X?},T{tl}), Cél’l = ({x2’x{l}’T£1})’

) = (e L TN, ey = (Lo LT, )

where T{", = {(0, (0, 1)), (1, (1,0)}, 77, = {(0, (1,0)), (1, (0, 1))},
1!, = {(0,(0,1)), (0,(0,2)), (1, (1,2} 7§, = {(1, (0, 1)), (2,(0,2)), (2, (1,2)}, ..

Advantages and Disadvantages of Binary Transformations. Both approaches have the
advantage, that they allow the use of algorithms which require binary constraints, e.g. path
consistency algorithms (PC-1 and PC-2 in [De03a]). On the other side both approaches have
the disadvantages, that they are only reasonable when the whole CSP is transformed and
they need to list all solutions of all constraints, which is mostly extremely time consuming.

The hidden transformation has the advantage over the dual transformation that the original
variables remain. This allows a direct read off a solution, no variable transformation from
hidden variables is necessary. The advantage of the dual transformation is that it needs less
variables and constraints than the hidden transformation, in most cases.
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4 Transformations into SAT Problems

SAT problems are capable of representing every other FD-CSP. This requires the transforma-
tion of all non-boolean variables into boolean ones, as well as a translation of all constraints
based upon these new variables. The main advantage of this approach is the ability to
leverage the power of modern SAT solvers. A variety of algorithms for the transformation
of FD-CSPs into boolean CSPs is desribed in [Ga07; Pel5a; Wa00]. Following we describe
some exemplary selected methods.

4.1 Direct Encoding

The direct encoding approach creates a new variable for each possible variable assignment.
Depending on whether an original variable is assigned a certain value, the corresponding
value variable is True (1) or not. For each illegal assignment of values to the variables X;
according to a constraint ¢; = (X;, R;) a clause over the previously created boolean values is
generated, that rules out this assignment. Additional constraints are introduced that ensure,
that only one value assignment representing variable per original variable can be true at a
time.

Definition 3 (Direct encoding). Given a CSP P = (X, D, C) we define its direct encoding
to be P4¢ = (X9, D4 C9) where:

Xxde = {xlfi; |ied{l,....1XI|},j €{1,...,|D;|}}, is a set of boolean variables where each
variable xld*;. represents, whether the original variable x; is assigned the j-th value of the

domain D; or not (x; =d; & x;’fjﬁ =1).
D4e = {Df? ={0,1}|i e {1,...,1X|},j € {1,...,|D;|}} is the set of the boolean domains
of the newly created variables.

C4¢ js the set of constraints over the newly created boolean variables X49¢. For each
constraint ¢ = (X,T) € C of the original CSP P, with X = {x1,...,x,}, a constraint
cde € C4¢ can be given in boolean form, that is equivalent to c. For each viable tuple

_ : d d d .
11 = (Vi1 ..svin) € T of the constraint ¢ a clause _'xl,ev,,l \% _'xz,evl,z V..V ﬂxnfw’" is
generated.

To ensure that the variables Xl.de = {x;’fj’. |Vj € {l,...,|D;|}} represent the possible variable

assignments for x;, one needs to ensure that exactly one variable in Xl.de becomes true
(1). To that for each variable x; so-called addLeastOne clauses \/, cp, x9 as well as

i,v’

atMostOne clauses —ucflf)l v —xde Wy v, € D; withi # j are added [Pr09].

i,v’
Example 3 (Direct encoding). The CSP P is transformed into a boolean CSP using direct

encoding. For each variable x1, x5, x3 and x4 and for each of its domain values a new boolean
variable must be created.
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For each invalid tuple #; ¢ T; of each constraint ¢;,i € {1,2,3} a clause is generated that
excludes this tuple. From the invalid tuples (0,0) and (1, 1) for ¢ therefore follow the

clauses c11 = —ucf% \Y —-xg % andcyp = —ucflel \Y —-xgel. The other constraints are transformed
analogously.
Finally the addLeastOne and atMostOne constraints for the variables xy, ..., x4 need

to be created. E.g. for the original variable x; € X the resulting constraints are
addLeastOne(x|) = (x V)c1 ¢) and atMostOne(xy) = {(—vcfe v —|xd€)}

The direct encoding of CSP P, leads to the boolean CSP P4 = (Xde, Dde, Cde) where:

xde = {x{¢ 0051, 1’x%’xgel’xgli)’xglel’xglez’x%’xfel’xiez
D = {D;{% = Dg‘j =D§§ =...= D{% = D{{ =D{, = {0,1}}
c¥ = A{cia= (—ucﬁ% \ —ocgj)), c1p = (—uc‘ﬁel \Y —ucgﬁ
21 = (~x{ vV xf9), cap = (xS vV xg9), can = (xS v g,
c31 = (—|x1 oV _|xde \ _|xde \ xfeo ot
addLeastOne:
v {(xde dee) (xd“ de“) (xd" dee dee) (x Vx4€l de“)}
atMostOne:
U {(ﬁxde Vv _|xde) (_|xde Vv _|xde) (_|xde v _|xde) (_|xde Vv xglez

(_|xde Vv _|xde) (_|xde Vv _|xde) (_|xde Vv _|xde) (_|xde vV x3de3 }

4.2 Logarithmic Encoding

The idea behind logarithmic encoding is to encode the index of an assigned value for a
variable in a binary representation with boolean variables. For each variable x; € X of

the original CSP P, exactly r = [log,|D;|] variables xtl.er, ..., x% are created, where the

i1
assignment for the variables xll.er, xll.el represents the index of a value in the domain D; of

the original variable x; in bina{ry form.

Definition 4 (Logarithmic encoding). Given a CSP P = (X, D, C) we define its logarithmic
encoding to be P'¢ = (X'¢, D', C!¢) where:

= {xle lie{l,...|X]|},j € {1 ,r}}withr = [log,|D;i|] is a set of boolean variables
where each series of variables xl ...,xl.e represents, that the orzgmal variable x; is
assigned the k-th value of the domain D;. The assignments b; ,...b; 1 of the variables

xte xi,1 correspond to the binary representation of k.

[ eees
¢={D;; ={0,1} | i € {1,....1X]},j € {1,....,[log2|D;|1}} is the set of the boolean

domains of the newly created variables.

C'® is the set of constraints over the newly created boolean variables X'¢. For each original
constraint ¢ = (X, T) € C with X = {x1,...,X,}, a constraint cle e C'e can be given in
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boolean form that is equivalent to c. For each tuple t; = (vi.1,...,vi.n) € T, that violates a
constraint c, the following clause is created:

_|xl_ev bl‘J' =1

k= Vieq ic{[logs|D 1 "
1 ie{l,....n},je{[logz|Dil]1,..., } Xfej , otherwise

The values b; ,...b; | encode the binary representation of the index of the value v; ; in D;.

Additionally one needs to ensure that for each domain whos size is not divisible by two, the
binary representations of indices that do not correspond to values in the domain are invalid.
For this each of these indices can be represented by a one-dimensional, negative tuple and
be transformed into a clause accordingly [Ga07; IM94; Wa00].

Example 4 (Logarithmic encoding). Following the CSP P; will be transformed into a
boolean CSP using logarithmic encoding. For the variables x| and x;, whose domain sizes
are two, it suffices to create new variables )cle and xlzeo respectively. For the variables x3

and x4 two variables x3 , and x3 o> and x! 4 1 and x! 4 o respectively, are created accordingly to
their domain size of three. The domains of all created variables equal {0, 1}. Because the
original variables x3 and x4 cannot be a551gned to Value 3, 1t is necessary to add the two
negative tuple clauses c3 5= —uc3 oV —|x3 1 c4 5= 0V —|x4 1

For each of the three constraints ¢, ¢ and c¢3 a boolean constraint based on their respective
negative tuple lists is created. For ¢; we get the negative tuple list 7} = {(0,0), (1, 1)},
from which the constraints clle1 = xlleo v xlzeo and c1 , = —|xll oV é o are derived. The
other constraints can be obtained analogously. Following is an excerpt of the transformed

CSP Ple = (X'e, D'e, C!®) with:

le le le le le

Xle

= {xl 0°%2,00%3,1°%3.0°%4,1°X4,0
Dle = {Dle Dle _Dle — Dle — Dle _Dle — {O 1}}
cle = {(C33:_‘x30\/_‘x 1> (643__‘)‘40\/_“41

(cll_xle Vxle) (c12=—|xlov—-x20)
(czl—x]e Vxle Vxle) (022——|xlOVxle v ! 0) -

4.3 Support Encoding

The support encoding approach utilizes the same mechanism as direct encoding for
transforming variables and domains, but models the original constraints with clauses that
represent the valid tuples. Further more, support encoding is only applicable on binary
CSPs. After the definition follows an example that shows the application of the support
encoding on the dual CSP P94l of P;.
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Definition 5 (Support encoding). Givena CSP P = (X, D, C) we define its support encoding
10 be PS¢ = (X¢, D¢, C5¢) where X°¢ and D*¢ are created like X4¢ and D@ in the direct
encoding. C*¢ is the set of constraints over the newly created boolean variables X*°.

For each pair of variables x;,x; € X with i # j of each original constraint c = (X, T),
X = {x1,....xn}, (xi,x; € scope(c) = X) and each value v € D; a new clause —x; , V
V\weaXjw is created. The set A C D; contains all values vy € D; which x; can be
instantiated to, such that at least one assignment x; = v and x; = vy exists and satisfies c.

For each original varlable x; € X also the addLeastOne \/ ,p, x " and atMostOne
clauses —ocde \% —|x °Yv,w € D;i# jmustbe added too [Ge(2].

Example 5 (Support encoding). Given is the binary CSP P9“%!_ First the variables
X? are transformed into boolean variables X*¢. The resulting variables are Xse =
{xl ],xl 2,x2 ],x2 2,x2 o 3 ], 3 G e .}, where each assignment of 1 to a variable x ‘. repre-

sents, that the dual variables x gets assigned the j-th value of its domain. Thus, x3°, being
assigned the value 1 represents the dual variable xg being assigned the tuple (0, l O 1).

For each variable x¢ € X of the dual problem the addLeastOne and atMostOne clauses
are created. For the variable xd the resulting clauses are xse \Y% xse V x3¢, as well as

2, 3’
LV xéez, Vv ﬂxz A and ﬂx” \Y —|x . The clauses for xl and x are created
analogously

Finally the constraints C? need to be transformed. The original domains Df’ e D% are
replaced by the domains D € D’, which only contain the indices of the domain values
instead of the actual domain values (D] = {0, 1,. |Dd| —1},Vi € {1, ..., 3}. The constraint

cf , is transformed exemplary as follows. For each value v € D7 of the dual value pair xd xg
the clause —uc;“ VViea xl is created. The resulting clauses are c1,1 =~y 0 sz 0 sz |

and ¢ = —uc“ \% )cse S1nce both directions need to be taken into account, we also need

to generate clauses for the variable pair xd d . This gives the clauses c13 = —x2,0 V X1,0,
Cl,4="X2,1 VX1,0 and C1,5="X22 Vxl,l.

4.4 More SAT Encodings

Additionally to the previously discussed encoding mechanisms there are more known
transformations, that cannot be discussed in detail here. Following we provide brief
summaries as well as references.

Minimal Support Encoding. The minimal support encoding was defined in [Ar08]
and transforms a CSP into a SAT problem. Generally, the approach follows the methods
of support encoding, the difference being that for each constraint ¢ over the variables
scope(c) = {x1,x2} the support clauses are only given for one variable, x| or x;.
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Regular Encoding. Another method to transform binary CSPs into boolean CSPs is
regular encoding [AMO04]. The main concept behind regular encoding is to replace each
variable x; € X of the original CSP with its domain being D; = {0, ..., m} with a unary

—
re x7¢ 1. Each vector U; is restricted so that a

—
vector of boolean variables U; = [xl. 1o Xi o)
variable x7 can only become 1 if all variables x; with k < j also become 1. Each of these

variables x} 3 is called a regular variable.

Therefore each vector U; takes the form [1,1,..., 1, %, %, %, ..., %,0,0], where 1 represents
variables that are assigned the value 1, * represents variables that weren’t assigned a value

yet, and O represents variables that were assigned 0. The number of 1s in a needs to be
equal to d; € D;, which corresponds to the variable x;.

A survey of the previously discussed encodings and further methods can be found in Chapter
4 of “Bridging Constraint Satisfaction and Boolean Satisfiability” [Pe15b].

Advantages and Disadvantages of SAT Transformations. All introduced SAT trans-
formations have the advantage, that they allow the use of very well researched and fast
SAT solvers. Also all transformations have the disadvantage, that they need much time
for the transformation. This follows from the fact that in all approaches either all allowed
tuples or all disallowed tuples must be processed. Even though a lot of information about
the original CSP instance is usually lost during the translation stage and a large set of
propositional clauses is produced, often needing much time in the process, SAT solvers
sometimes outperform conventional CSP solvers [Pel5b].

It follows a discussion of the differences of the introduced transformations. Comparing
support encoding with minimal support encoding, the first needs more constraints than the
latter, but reaches arc-consistency if unit propagation is enforced on the transformed CSP.
Logarithmic encoding needs less boolean variables than the other approaches, which is
effectively noticeable if the domain sizes of the original CSP are very big. On the other
hand, logarithmic encoding needs many more literals in the clauses, which slows down the
solving speed of the SAT solver. The direct encoding approach and support encoding are
usually inefficient in practice, since they often produce very large sets of clauses [Pe15b].
Thus, sometimes it is promising to use regular encoding which can represent equalities and
inequalities with less clauses than the previously mentioned methods.

On the other hand, direct and logarithmic encoding both need to handle every tuple which
does not satisfy a constraint, while support encoding needs to handle every tuple which does
satisfy a constraint. Thus, direct and logarithmic encoding are more promising if the number
of satisfying tuples of the constraints is small, while support encoding looks promising if
the number of satisfying tuples of the constraints is small.

In contrast to support encoding, minimal support encoding does not reach arc-consistency if
unit propagation is enforced. On the other hand, it can reduce the number of clauses. In the
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end, the decision which transformation is the best one for a CSP depends on the structure,
properties and connections of the used constraints.

5 Transformations into table and regular CSPs

For the transformation of a CSP P = (X, D, C) into a table CSP or regular CSP every
admissible tuple of each constraint must be listed and transformed. However, an important
difference to the previous approaches is that now a constraint or subset of constraints is
substituted by one single constraint, which reaches generalized arc consistency (GAC). This
can strengthen the propagation without changing the underlying solver.

The transformation of CSPs into table CSPs is called tabulation. Let be 7; the tuple list,
which contains the tuples which satisfy the constraint ¢; = (X;,7;) € C. The constraint
table(X;,T;) (cf. Sect. 2) is the tabulation of the constraint c;. So you can transform all
constraints in C to receive a table CSP [Ge(7].

The transformation of CSPs into regular CSPs is called regularization. Analogously to
tabulation, let be T; the tuple list, which contains the tuples which satisfy the constraint
cj = (X;,T;) € C. A deterministic finite automaton (DFA) M; can be created from the
tuple list T;. The constraint regular(X;, M;) (agan cf. Sect. 2) is the regularization of the
constraint ¢ ;. So you can transform all constraints in C to receive a regular CSP [LLH19].

Advantages and Disadvantages of table and regular Transformations. Both approaches
have the advantage, that no prior transformations are needed. Because the table and regular
constraint both reach generalized arc consistency (GAC), the regularization and the tabulation
can increase the consistency level, if the constraint(s) to be substituted has/have a lower
consistency level. Further advantages are, that no variables or domains must be transferred
and it is not necessary to transform the whole CSP (partial transformations are possible).
Thus, slow parts of a CSP can be transformed selectively. If the complete CSP is transformed
a specialized table or regular solver can be used.

But both approaches in their basic version have the same disadvantage (as well as the
aforementioned approaches), as all solutions of all constraints must be listed, which can
be very time consuming. The regularization has one big advantage over every other
here discussed transformation approach: For many global constraints there are direct
transformations into regular constraints. For example the count constraint in our example
CSP P can be substituted directly by an DFA M3 as represented in Figure 1, which can be
created as explained in [Del5; LLH18]. Using direct transformations allows us to avoid
the enumeration of all admissible tuples of a constraint and, thus, leads to much faster
transformation.

Furthermore, when comparing tabulation with regularization, tabulation has the advantage
that a tabular constraint propagates faster if regularization can not find a small and compact
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Fig. 1: The DFA M3 which is equivalent to the count constraint c3 of the original CSP Pj.

DFA. On the other hand, if regularization finds a small and compact DFA, then regularization
is applicable for more and bigger CSPs and propagates faster than a tabulated CSP.

6 Summary and Future Work

We presented and compared different transformations for the conversion of arbitrary CSPs
into special CSPs, illustrated these by examples and discussed advantages and disadvantages.

The use of transformations usually leads to an acceleration of the search for a solution (due
to the use of specific solvers or propagation algorithms). However the time needed for the
transformations must be considered as well. Often the time needed for the transformation
exceeds the time savings, that specialized algorithms can achieve. However, for certain CSPs
the transformations can lead to considerable time savings. The following questions arise for
future research: 1) How can the transformations be sped up? 2) How can one determine
ahead of time, which transformations are reasonable for a certain CSP?

The direct transformation of global constraints into respective target constraints could be a
solution with regard to the first question. For the transformation into regular CSPs exist
direct transformations, which avoid the processing of all valid and invalid constraints. In
many cases, this can reduce the time needed for the transformation dramatically.

Machine learning could be one approach for the recognition of a suitable transformation for
a given CSP (question 2). In [LBH21], we show first promising steps towards an automated
prediction, as to whether the original constraint or the transformation into a regular or
tabular constraint is more promising.
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